Resonance Trapping in Protoplanetary Disks. I. Coplanar Systems by Lee, Aaron T. et al.
ar
X
iv
:0
80
1.
19
26
v2
  [
as
tro
-p
h]
  2
3 S
ep
 20
08
Draft version November 8, 2018
Preprint typeset using LATEX style emulateapj v. 08/22/09
RESONANCE TRAPPING IN PROTOPLANETARY DISKS. I. COPLANAR SYSTEMS
Aaron T. Lee1,2, Edward W. Thommes1, and Frederic A. Rasio1
Draft version November 8, 2018
ABSTRACT
Mean-motion resonances (MMRs) are likely to play an important role both during and after the
lifetime of a protostellar gas disk. We study the dynamical evolution and stability of planetary systems
containing two giant planets on circular orbits near a 2:1 resonance and closer. We find that by having
the outer planet migrate inward, the two planets can capture into either the 2:1, 5:3, or 3:2 MMR.
We use direct numerical integrations of ∼ 1000 systems in which the planets are initially locked into
one of these resonances and allowed to evolve for up to ∼ 107 yr. We find that the final eccentricity
distribution in systems which ultimately become unstable gives a good fit to observed exoplanets.
Next, we integrate ∼ 500 two-planet systems in which the outer planet is driven to continuously
migrate inward, resonantly capturing the inner; the systems are evolved until either instability sets in
or the planets reach the star. We find that although the 5:3 resonance rapidly becomes unstable under
migration, the 2:1 and 3:2 are very stable. Thus the lack of observed exoplanets in resonances closer
than 2:1, if it continues to hold up, may be a primordial signature of the planet formation process.
Subject headings: celestial mechanics — planetary systems: formation — planetary systems: proto-
planetary disks — planets and satellites: general
1. INTRODUCTION
The discovery of extrasolar planets around sun-like
stars (Mayor & Queloz 1995; Marcy & Butler 1995,
1998) has revealed that early large-scale migration likely
plays an important role in the formation of planetary
systems. For example, observations have revealed a
nontrivial number (roughly 6% overall) of close orbit-
ing gas giants, called ‘hot Jupiters,’ planets that would
have great difficulty forming in their present locations
(Bodenheimer et al. 2000). In fact, disk-planet in-
teraction theory predicts disturbingly short migration
time scales that seem to threaten the survival of ev-
erything ranging from planetary embryos to gas giants
(Ward 1997). Additionally, there are currently at least
eight planetary systems that have two planets in MMR
(Udry et al. 2007). These include systems such as
GJ 876 (Marcy et al. 2001) and HD 82943 (Lee et al.
2006) with two planets in a 2:1 resonance, and HD12661
(Fischer et al. 2003), which contains two planets in
what may be a 6:1 resonance. The origins of such reso-
nant systems are thought to be due to disk-planet inter-
actions that induce angular momentum transfer and dif-
ferential migration (Snellgrove et al. 2001; Lee & Peale
2002; Papaloizou 2003; Kley et al. 2004).
There are currently two competing theories to explain
planet formation. The “core accretion” model starts
with the sedimentation and collisional growth of dust
grains and smaller planetesimals in the protoplanetary
disk (see Lissauer 1993, and references therein). These
rocky cores (protoplanets) continue to build up until
their gravitational influence allows for the accretion of
the surrounding gas, forming gas giants. The other the-
ory invokes direct gravitational instabilities in the disk
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(e.g., Cameron 1978; Boss 2000).
In these theories the dynamical relaxation time of
a planetary system can, in principle, be longer than
the time scale for planet formation. Therefore, long
term stability is not guaranteed for a planetary sys-
tem’s initial configuration. Gravitational interactions
between massive protoplanets can lead to orbit cross-
ing and instability, resulting in massive planets being
thrown closer to their parent stars (Rasio & Ford 1996;
Weidenschilling & Marzari 1996). In the case of one of
the planets being ejected, the surviving planet is left with
high eccentricity (some with e > 0.90). Additionally,
migration occurs within the disk due to the exchange
of angular momentum between the planet and the sur-
rounding disk material through planet-disk interactions
(Goldreich & Tremaine 1979, 1980; Lin & Papaloizou
1979, 1993; Papaloizou & Lin 1984; Ward 1986). In a
laminar disk, there are two basic modes of migration: For
an embedded body, imbalance between the torques from
the inner and outer parts of the disk is thought to lead to
orbital decay; this is commonly referred to as type I mi-
gration (e.g., Ward 1997). If a body is massive enough,
it locks itself to the disk by opening a deep annular gap,
and is thus carried along as the disk accretes onto the star
(Lin & Papaloizou 1986; Ward 1997); this is called type
II migration.3 When orbital migration occurs for differ-
ent planets at different rates, convergent migration and
locking into mean-motion commensurabilities can occur.
For the two planet case, the regions of dynamical
stability (i.e., the region where close encounters are
impossible) can be determined analytically by study-
ing how the value of the Jacobi integral relates to
the topological (Hill) stability of the system (Gladman
1993). However, this criterion does not take into ac-
count the fact that planets may be in resonance. It
3 There is also a proposed type III migration, which involves
disk material flowing through the co-orbital region of the planet,
which will not be considered here (see Papaloizou et al. 2007).
2has been shown that resonant systems have additional
regions of stability (Barnes & Greenberg 2007), which
current analytic criteria predict to be unstable. In fact,
Barnes & Greenberg (2007) have shown that nearly all
observed resonant systems lie in these extended regions.
Overall, planet-planet-disk interactions are likely key
in determining the final configuration of a planetary
system. To date, each type of dynamical process
(planet-disk interactions, dynamical instabilities, and
resonances) has usually been considered individually.
The motivation of this study is to explore physical situ-
ations where all of these processes occur simultaneously.
In particular, we consider gap-opening planets located
close to particular resonances within a protoplanetary
disk. This results in convergent migration and reso-
nance capture, but possibly also eventual instability due
to close encounters.
There are two objectives to this study. The first is to
better quantify the regions of stability for particular res-
onances. More explicitly, we will consider the 3:2, 5:3,
and 2:1 resonance for two gap-opening planets of varying
mass. We place an upper bound on the possible masses
for planets in these three resonances. This provides an
interesting problem in dynamics by allowing us to more
generally map the parameter space for these particular
resonances in and out of the protoplanetary disk, com-
pared to Barnes & Greenberg (2007) who studied par-
ticular observed extrasolar systems. Additionally, in the
case where there are instabilities, this study allows us
to see how the final configurations (e.g., distribution of
eccentricity) differ, if at all, from non-resonant planet
scattering (see, e.g., Ford et al. 2001; Chatterjee et al.
2007).
Our second objective is to study the dynamics of gas
giants in the region of the protoplanetary disk where we
believe these planets form, between 5 and 10 AU. The
three above resonances are typical resonances that plan-
ets can resonantly capture into, since they require little
to no eccentricity to give a high probability of capture
when planets migrate at rates consistent with Type II
migration. Here we are assuming that planets are born
on nearly circular orbits. We then study the evolution
as the coupled system of two planets migrates with the
disk. To date, the closest resonance to be observed—that
is, the resonance with the smallest ratio of outer to inner
period—is the 2:1. We aim to better quantify why we
have not found any systems in the 3:2 or 5:3 resonances
and measure how common we should expect each of these
resonances to be in extrasolar planetary systems.
This paper is organized as follows. In §2, we explain
the numerical treatment used in both the resonance sta-
bility and disk simulations. In §3, we give further details
of the theory used in our models for studying the stabil-
ity of the aforementioned resonances. We then present
the results of those simulations. In §4, we develop the
theory used to model the planet-disk interactions in the
protoplanetary disk as well as the results of those runs.
We conclude with a summary and discussion in §5.
2. NUMERICAL METHODS
Newton’s equations of motion are integrated directly
in the barycentric frame using a fifth-order Runge-Kutta
(R-K) scheme (Press et al. 2007). Although these direct
integrations are computationally more taxing compared
to symplectic integrations, they are able to handle ar-
bitarily short dynamical times (e.g., when the planets
are orbiting within a few solar radii of the star). Since
our integrations run at most a length of 107 yr, we al-
low the R-K scheme to incur a maximum error of order
1 part in 109 per time step, where the time step in the
three-body problem is variable. This ensures that the
total accumulated error in energy, characterized through
the ratio ∆E/Ei, where Ei is the initial system energy
and ∆E is the difference between this value and the fi-
nal energy of the system, remains less than 10−6 in the
conservative case. Similarly, ∆A/Ai remains less than
5 · 10−6, where Ai is the system’s initial angular momen-
tum, ensuring that the accumulated errors do not affect
the final result.
In all our simulations, we consider a two-dimensional
three-body system, consisting of a solar-mass star and
two planets with masses ranging between 0.25 Jupiter-
masses (MJ) to 12 MJ . The system evolves until either
a planet is ejected, a collision between any two bodies
occurs, or the system evolves for 107 yr. An ejection is
defined as a planet being at least 250 AU from the star
with positive energy. A collision between the star and
a planet occurs when the relative distance between the
two is less than 1.1 R⊙, where R⊙ is the radius of a
solar-mass star.4 Similarly, a collision between two plan-
ets occurs when the relative distance is less than 2 RJ .
The simulation continues for several years after the col-
lision or ejection before ending the run. In the event of
a collision, the pair is replaced with a single point mass
with the same linear momentum as the original pair and
a mass as simply the sum of the original masses.
In these simulations, the units are selected so that 1 AU
= 1, M⊙ = 1, and G = 1, where G is the gravitational
constant. The planet’s initial orbits are always set to be
circular.
3. RESONANCE STABILITY
As mentioned in Section 1, the region of dynamical
stability is sharply defined for the two planet case, and
its location is analytically known (Gladman 1993). That
is, given the masses of the two planets, the minimum
orbital separation in the semi-major axes to prevent close
encounters can be determined. Since we wish to consider
two planets in a particular resonance, we can reverse the
criterion to give analytically determined limits on the
masses of the planets. We compute the separation in
semi-major axes via Kepler’s third law. Since the ratio
of the orbital periods To/Ti > 1, where the subscripts
denote the outer and inner planet, respectively, we get
the following relation: ao = (To/Ti)
2/3ai. Therefore, the
orbital separation normalized by the inner planet’s semi-
major axis is simply
∆≡ ao − ai
ai
=
p2/3ai − ai
ai
= p2/3 − 1, (1)
where we have defined p = To/Ti. So ∆ is a constant for a
given resonance. Now the analytic criterion for stability
for low-eccentricity planets is given by
∆min≡ 2 · 31/6(µ1 + µ2)1/3 + 2 · 31/3(µ1 + µ2)2/3
4 1 R⊙ + 1 RJ ≅ 1.1 R⊙, where RJ is the radius of Jupiter.
3− 11µ1 + 7µ2
311/6(µ1 + µ2)1/3
+ · · · , (2)
where µ1 (= M1/M⊙) is chosen to be the larger of the
two bodies (Gladman 1993). By setting ∆ = ∆min, we
can derive a maximum limit on the masses of the planets
to ensure stability, as suggested by Equation 2. Table 1
gives some results for equal mass planets. Additionally,
it compares the results whether one uses only one, two or
three terms in the expansion (Equation 2). One can see
for resonances with larger orbital separations, truncating
the series with the first term is inadequate to accurately
describe the analytical limit. In fact, the addition of
the second term results with over 100% correction to the
mass limit for resonances above the 2:1 MMR.
3.1. Initial Conditions
We randomize the initial semi-major axis of the inner
planet between 5 and 6 AU. For the 3:2 resonance, the
masses of both planets are randomized between 0.25MJ
and 4 MJ . Similarly, for the 5:3 resonance, the masses
are randomized between 0.25 MJ and 5 MJ , and the
2:1 between 1 MJ and 12 MJ . The initial phase of the
inner planet is set to zero, while the outer planet’s is
randomized between 0 and 2pi.
To determine the initial position of the outer planet,
we set the planet’s semi-major axis so that it is just out-
side the particular resonance by a small fixed amount
(≈ 0.1 AU). We then apply a frictional force of the
form −αv, where α is a constant and v is the veloc-
ity of the outer planet. It is applied for a short amount
of time to allow the outer planet to migrate into the
resonance location with the inner planet. The time
and strength have been adjusted so no significant cou-
pled migration occurs. Once the planets begin to mi-
grate together in resonance, the change in their semi-
major axis becomes correlated with the change in their
eccentricity (see Murray & Dermott 2000). Since no
significant coupled migration occurs, the eccentricity of
each planet never grows above values of 0.2 from migra-
tion/eccentricity excitation alone.
To monitor the resonance in question, we use the res-
onance variable defined by
ϕ = j1λo + j2λi + j3ωo + j4ωi (3)
(Murray & Dermott 2000). Here λ and ω are the mean
longitude and longitude of pericenter, respectively. The
subscripts denote either the inner or outer planet. Since
our integrations are two-dimensional, the terms includ-
ing the longitude of the ascending node (Ω) are zero. For
a p : q resonance, the ordered set {j1, j2, j3, j4} is equal
to {p,−q,−(p− q), 0} or {p,−q, 0,−(p− q)}. When two
planets are in a given resonance with pericenter align-
ment, the resonance variable is bounded with a libration
amplitude < 2pi. Additionally, planets can still be locked
in resonance although ϕ continues to oscillate between 0
and 2pi. Such configurations require oscillations of both
the semi-major axis and eccentricity to account for the
circulating longitude of pericenters (Murray & Dermott
2000).
A run is defined as stable if the system evolves for
107 yr and maintains the original configuration of semi-
major axes without appreciable changes in any orbital
elements (eccentricity, etc.). In these runs, the planets
must lock into a mean motion resonance so that φ be-
comes bounded with a finite libration amplitude or circu-
lates in a periodic manner. A run is defined as unstable
if the system goes unstable before or after the planets
lock into mean motion resonance.
3.2. Results
We present the results for the resonance stability tests,
analyzing both the region of stability for these particu-
lar resonances as well as the final configuration of the
systems that went unstable. We first focus on each reso-
nance separately, and will consider broader results in the
final section.
3.2.1. The 2:1 Resonance
We determined analytically from Equation 2 that the
2:1 resonance is stable up to Mi +Mj ≈ 10 MJ . Figure
1 presents a stability map, where the filled circles rep-
resent a stable run, and the (red) open circles represent
runs where instability occurred before the planets could
lock into a 2:1 MMR. The dashed line in the figure is the
analytical boundary between stable and unstable regions
determined by Equation 2. It includes all three terms and
hence is not symmetric in the masses. It’s slope therefore
changes depending on whether the inner or outer planet
is the more massive one (recall the definition of µ1 in
Equation 2). The upper left region of the plot shows
an obvious region of stability not predicted by the sim-
ple analytic criterion. That is, the additional stability
typically involves a larger outer planet, and includes up
to two 11 MJ planets remaining stable. However, there
is another obvious region of instability not predicted by
Equation 2 for an inner planet roughly twice the mass
of the outer planet. In these configurations, the planets
went unstable due to the inner planet exciting the ec-
centricity of the outer planet. This resulted in the outer
planet undergoing a close encounter with the inner planet
and typically was ejected from the system.
Over 90% of the unstable runs resulted in the less mas-
sive planet being ejected from the system, leaving the
remaining planet with eccentricities that typically range
from 0.3 all the way to 0.97. The latter of these would
be expected to undergo strong tidal forces at periastron
and result in a less eccentric orbit with a smaller semi-
major axis (see Section 4). The time scales to undergo
instability are typically very short. Most of the runs that
go unstable before entering resonance do so within 104
yr. Once the planets entered resonance to a point where
φ become bound and pericenter alignment occurred, the
planets enjoyed a phase protection that prevented any
further close encounters.
3.2.2. The 3:2 Resonance
Equation 2 suggests that the 3:2 resonance is stable up
toMi+Mj ≈ 2MJ . This region of stability is plotted in
Figure 2, which uses the same conventions as Figure 1.
Additionally, the (red) crosses represent runs where the
planets showed signs of being in a 3:2 MMR but even-
tually went unstable. The region of stability for the 3:2
resonance is more symmetric compared to the 2:1 reso-
nance, with the region of stability extending to over twice
the analytically determined values. The 3:2 resonance
typically does not include any configurations where one
of the planets is more than 3 MJ .
4TABLE 1
Mass Limits for particular resonances as determined by Equation 2. Here p denotes
the ratio of the outer and inner planet’s period, To/Ti. Limits are given depending on
whether only one (first-order), two, or all three terms are used in Equation 2.
Resonance p M1 +M2 M1 +M2 M1 +M2 First-Order /
(MJ , first-order) (MJ , second-order) (MJ , third order) Third-Order
3:2 1.50 2.26 1.54 1.77 1.272
5:3 1.66 5.05 3.13 3.72 1.356
2:1 2.00 15.33 8.09 10.10 1.517
5:2 2.50 45.15 19.66 25.86 1.745
3:1 3.00 95.29 35.57 48.58 1.961
The majority of the instabilities result in a collision,
leaving the remaining planet in a position between the
initial semimajor axes of the two original planets with a
very low (< 0.1) eccentricity. In the several cases where
the instability did not immediately result in a collision
and the two planets strongly interacted for an extended
period of time, the simulation resulted in either a colli-
sion or ejection, both leaving the remaining planet with
a higher final eccentricity. A low number of runs (< 5%)
resulted in the planets being thrown into a configuration
that did not go unstable for the remainder of the of the
integration. In these cases, the ratio of periods, T2/T1
remained in the interval [5.0, 9.0].
There exists a few cases where planets begin to enter a
3:2 MMR but eventually go unstable. These instabilities
occur in less than 105 yr. An example is shown in Figure
3. The top panel plots one of the resonance variables:
ϕ = pλo − qλi − (p− q)ωo, (4)
where the middle panel plots difference in pericenters of
the two planets, and the bottom panel plots the eccen-
tricity of the inner and outer planet (black and red lines,
respectively). We see that the planets show sign of en-
tering resonance around 5000 yr, where both ϕ and ∆ω
show periodic variation from that point onward. How-
ever, shortly after 1.1 · 104 yr, the two planets leave the
resonance and go unstable due to strong gravitational
perturbations. This particular run resulted in a collision.
3.2.3. The 5:3 Resonance
Finally, Figure 4 shows the stability map for the
second-order resonance5, the 5:3. Compared to the 2:1
and 3:2 MMRs, the region of stability is less than that
predicted by analytic criteria with only three stable runs
existing beyond the region of analytically determined sta-
bility. These three runs, however, are quite close to the
border between the two analytically determined regions.
Additionally, a number of unstable runs exist deep within
the region predicted to be stable, showing that configura-
tions in a 5:3 resonance are very sensitive to their initial
conditions. The majority of the simulations result in an
ejection, leaving the final planet with an eccentricity in
the interval [0.3, 0.8]. Collisions result in outcomes sim-
ilar to that of the 3:2 resonance: a merger product with
low eccentricity somewhere between the semimajor axes
of the two original planets.
The above three resonances are potentially very im-
portant for any pair of planets that form in reasonably
close proximity to each other. Planets can be captured
5 All resonances can be written in the form (a + b)/a, where b
denotes the order of the resonance.
into these resonances without having appreciable initial
eccentricity, making them highly likely candidates for
planets within the protoplanetary disk, where disk ef-
fects are believed to initially keep planets on circular or-
bits. These resonance impose a strict geometrical con-
figuration on the orbits of the planets in and near these
resonances. These periodic interactions between the two
planets can lead to instabilities, resulting in ejections or
collisions. Figure 5 plots the cumulative distribution of
the remaining planet’s eccentricity after an ejection or
collision occurred due to an instability that formed dur-
ing the integration.
Figure 5 compares the eccentricity distribution with
that of observed extrasolar planets (solid red line). Ejec-
tions (dotted black line) produce a similar shape dis-
tribution, but underproduce lower eccentricity planets.
Collisions (dashed black line) produce the majority of
planets with eccentricities below 0.1. In order to com-
pare these various processes with observed eccentricities,
we randomly select 50 outcomes (which can be both colli-
sions or ejections) from each of the three resonances. We
then plot that distribution (solid black line) in Figure 5,
and find it matches observed eccentricities better than
collisions or ejections alone. For further comparison, we
include the results of non-resonant planet-planet scatter-
ing (red dotted line) from Chatterjee et al. (2007).
5Fig. 1.— Stability map for planets initially on circular orbits
in the 2:1 resonance. A filed circle shows a run where the plan-
ets remained in the resonance for 107 yr, and an open (red) circle
shows runs that went unstable before entering a 2:1 MMR. Plan-
ets were determined whether to be in resonance by monitoring the
resonance variable defined by Equation 3. The analytical bound-
ary between stability and instability determined by Equation 2 is
shown by the dashed line, with the analytical region of stable lying
below the line, and unstable otherwise.
Fig. 2.— Stability map for planets initially on circular orbits in
the 3:2 resonance. A filed circle shows a run where the planets re-
mained in the resonance for 107 yr, and an open (red) circle or cross
shows runs that went unstable before or after entering a 3:2 MMR,
respectively. Planets were determined whether to be in resonance
by monitoring the resonance variable defined by Equation 3. The
analytical boundary between stability and instability determined
by Equation 2 is shown by the dashed line, with the analytical
region of stable lying below the line, and unstable otherwise.
Fig. 3.— Evolution of two planets that enter a 3:2 MMR but
eventually become unstable and result in a collision. The top panel
plots one of the resonance variables, defined by Equation 3, while
the middle panel plots the pericenter difference and the bottom
panel plots the eccentricity of the inner and outer planet (black and
red lines, respectively). The two planets enter resonance around
5000 yr, but strong gravitational perturbations break the resonance
around 1.1 · 104 yr.
Fig. 4.— Stability map for planets initially on circular orbits in
the 5:3 resonance. A filed circle shows a run where the planets re-
mained in the resonance for 107 yr, and an open (red) circle or cross
shows runs that went unstable before or after entering a 5:3 MMR,
respectively. Planets were determined whether to be in resonance
by monitoring the resonance variable defined by Equation 3. The
analytical boundary between stability and instability determined
by Equation 2 is shown by the dashed line, with the analytical
region of stable lying below the line, and unstable otherwise.
6Fig. 5.— Cumulative distribution showing the final eccentricity
of the remaining planet after instability. It includes the data from
all three resonances (the 3:2, 5:3, and 2:1) without the presence of
disk forces. Those due to collisions and ejections are shown by the
dotted black and dashed black lines, respectively. The solid red
line is the eccentricity distribution of observed extrasolar planets.
It omits systems which are believed to be in resonance or are close
enough to their parent star to undergo tidal interactions. The solid
black line is a randomly selected combination of 50 outcomes from
each of the three resonances. This is used to graph the overall dis-
tribution from all possible outcomes. It is compared with the final
eccentricity distribution due to non-resonant planet-planet scatter-
ing from Chatterjee et al. (2007), shown by the dotted red line.
74. PLANET-PLANET-DISK INTERACTIONS
In this section we model planets interacting with a
protoplanetary disk. The previous section considered
the stability of three resonances without the effects of
planet-disk interactions. We now study the stability of
these resonances while the planets undergo migration due
to angular momentum exchange between the planet and
the surrounding disk material. Doing so will incite fur-
ther eccentricity growth for the two planets, which can
greatly affect the stability of the system.
We model the protoplanetary disk as a pure gas disk
with an inner hole that extends all the way to the central
star. A self-consistent treatment of planet-disk interac-
tion would require us to also model the feedback of the
planet on the disk, which in turn would necessitate incor-
porating hydrodynamics into our simulation. To simplify
matters, we impose the “closing in” of the inner hole in-
dependently of the two planets’ positions, but at a rate
consistent with results from theory (Ward 1997) and
full hydrodynamic simulations (Ogilvie & Lubow 2003).
Therefore, the disc extends only to the location of the
outer planet, and the inner planet essentially sits in a
“gap,” and does not undergo migration unless it is due
to resonance interactions. Hydrodynamic simulations
(Thommes et al. 2008) have shown that systems with
multiple gap-opening planets tend to quickly remove all
of the material inside the outermost planet, which puts
the configuration in exactly the state we have assumed.
The “radius” of the disk’s inner edge is set to migrate
linearly inward at a rate of 1 AU every 105 yr. A Fermi
function is then used to model the edge of the disk, al-
lowing the friction effects to smoothly fade away. That
is, given the “radius” of the disk edge, rd, the accelera-
tion due to friction applied to each planet is modeled by
the following equation:
af = −F (a, rd) ·
(
v
tm
+ 2
(v · r)r
r2te
)
, (5)
where F (a, rd) is the Fermi function
F (a, rd) = 1− 1
1 + exp [(a− rd)/(0.05rd)] (6)
for a given semi-major axis a. The “width” of the Fermi
function (0.05rd) is selected so only the outer planet feels
non-negligible force from the protoplanetary disk unless
the two planets are going to unavoidably collide.6 As the
inner disk edge contracts, the planet adjusts its position
relative to the disk edge until it reaches an equilibrium
location. At this location, the torque it experiences is
equal to that needed to make it migrate inward at the
same rate as the disk edge.
The two terms in Equation 5 model the migration and
eccentricity damping, respectively. The migration time
scale, tm, is set to 6000 yr, consistent with the type I rate
for a body with mass of order 102 M⊕ (Ward 1997); the
exact value is unimportant as long as it is short com-
pared to the time scale of the disk edge contraction. The
eccentricity damping time scale, te, is set equal to either
6 More specifically, it is chosen so the inner planet is always four
“widths” away from the radius of the disk. It is easy to show that,
at this distance, the inner planet will always feel less than 2% of
the full magnitude of the frictional effects.
a tenth the value of tm, as suggested by previous ana-
lytical and numerical studies of eccentricity damping in
disks (Goldreich & Tremaine 1980; Trilling et al. 1998;
Nelson et al. 2000; Papaloizou et al. 2001) or 1010 yr,
so to model the disk without eccentricity damping.
As planets locked in resonance migrate together, their
change in eccentricity is related to the mass ratio and
rate of change in the semi-major axis of the planets
(Murray & Dermott 2000). For planets that migrate to
less than a tenth of their original semi-major axis, appre-
ciable eccentricity growth occurs. Therefore, our simu-
lations take into account energy lost due to the close-in
tidal interactions between eccentric planets and the cen-
tral star. As a planet approaches from large distances
with large eccentricities, the relative distance is short at
periastron compared to the rest of the orbit. During this
brief period, angular momentum and energy is exchanged
between the star and planet. We adopt the approxima-
tion developed by Papaloizou & Terquem (2001), where
the tidal interaction acceleration is written as
aTide = −3GmpR
5
∗
2
√
pijr11
· 0.6R
3
p
1 + (Rp/R∗)3
·(r2v−(r · v)r), (7)
where R∗ is the stellar radius and Rp (= j
2/2GM∗) is
the distance of closest approach for a parabolic orbit with
angular momentum j. This model is an approximation of
a small perturbation limit for a non-rotating star and the
planet being on a parabolic (or highly eccentric) orbit.
It neglects the effects of tides acting on the planet it-
self. Since these interactions include a term proportional
to the velocity of the planet, changes in the semi-major
axis occurs rapidly and the planet “falls” into the central
star on short time scales. Therefore, we do not include
relativistic effects in our simulations since the planets
do not spend considerable time at distances were these
effects would be appreciable.
4.1. Initial Conditions
The initial semi-major axis of the inner planet is ran-
domized between 5 and 6 AU, and the mass of both plan-
ets is fixed at 1MJ . The outer planet’s semi-major axis is
then randomized between the minimal distance at which
the planets are stable according to Equation 2 (which is
very near at the 3:2 resonance for two MJ planets) and
slightly outside the 2:1 resonance, that is,
ai + 2.4 (µi + µo)
1/3ai ≤ ao ≤ 22/3ai + ε, (8)
where ε is roughly 0.1 ai and µ is defined as in Equation
2. The initial location of the “radius” of the disk edge is
chosen so that the outer planet lies approximately four
“widths” away from the radius, which allows the outer
planet to travel along the outer edge of the disk as it
migrates inward without any sudden changes in the ex-
ternal disk forces.
Two separate sets (N ≈ 500) of integrations are done,
one with te = 0.1tm and the other with te = 10
10 yr
(hereafter referred to as te =∞).
4.2. Results
As is to be expected given the initial condi-
tions described above—particularly the low initial
eccentricities—all planets are captured into one of three
8resonances: 2:1, 5:3, and 3:2. An important parame-
ter is the amount of eccentricity damping due to the
disk, which affects the overall stability of the planets
in these resonances. We find that the 2:1 resonance is
the most stable; all planets captured into it remain in
the 2:1 until they have migrated close enough to the star
for tidal interactions to pull the planets apart (dragging
the inner planet into the star). The 3:2 is similar for
the case where damping is present and eccentricities are
kept small. When eccentricity damping is not present,
the 3:2 resonance goes unstable at eccentricities larger
than 0.3. The 5:3 resonance goes unstable for very low
eccentricities and produces the largest variety of possible
outcomes with and without eccentricity damping.
Each run has four possible results. The planets can
either (1) capture into a particular resonance and mi-
grate together until the inner planet is close enough to
tidally interact with the star and the resonance is bro-
ken, resulting in the inner planet colliding with the star.
In this case, we classify the run as “Stable;” (2) cap-
ture into a particular resonance and undergo instability,
so that the two planets collide with each other. The
few cases (≈ 1%) where instability results in one of the
planets colliding with the star are also included here;
(3) undergo instability once in a resonance and result in
one of the planets being ejected; (4) after migrating in a
particular resonance, undergo instability but ultimately
end up in a different resonance. This occurs because one
planet is thrown into the disc and is driven back inward
towards the disc edge, recapturing the inner planet into
a new resonance. Once in this resonance, the planets ei-
ther quickly become unstable or remain in the resonance
for remainder of the integration. The cases that remain
in this new resonance are labeled “Scattered and Recap-
tured.” If they quickly become unstable and result in a
collision or ejection, they are classified in the appropriate
category (2) or (3) above.
We examine each case separately, with and without
damping. The results are given in Table 2.
4.2.1. Overall Results with te/tm = 0.1
We first present the case where eccentricity damping
is present, which is set to be reasonably representative of
planet-disk interactions (see Section 4 above). The 2:1
and 3:2 resonances are always stable. However, the 5:3
resonance goes unstable at very low eccentricities. Over
half of the 5:3 resonances end up with a collision, re-
sulting in a single planet with low eccentricity around
6 AU (recall that we stop integrations as soon as there
is a collision or ejection). Since the planets have equal
mass, about half of these cases eject the outer planet,
and half the inner. The 5:3 resonance, however, was able
to produce planets in a wide variety of resonances that
included the 2:1, 3:2, 3:1, 5:3, 4:1, 6:1, and even a few
cases of planets in a 10:1 and a possible 17:1 (where both
planets held eccentricities above 0.95). These resonances
were monitored by calculating the appropriate resonance
variable defined by Equation 3. These latter resonances
were produced by one of the planets being scattered out-
ward due to instability. With this planet now possessing
a significant eccentricity, it was able to be captured into a
higher-order resonance as it resumed inward migration.
Both planets typically reached very high eccentricities
during their coupled migration in these new resonances.
Fig. 6.— The dynamical evolution of two planets in a 2:1 reso-
nance with the presence of disk and tidal forces, letting te/tm =
0.1. Top Panel: Plot of the semi-major axes of the outer and inner
planet, shown by the red and black lines, respectively. The blue
lines show the location of the disk’s inner edge, with the outer blue
lines being the width of the edge, and the middle line being the
disk’s inner radius. Middle Panel: A plot of the absolute value of
the difference in longitude of pericenters (black), and the two 2:1
resonance variables defined by Equation 3 (red and magenta lines).
The resonance breaks apart at the very end due to the presence of
tidal forces acting on the inner planet, which pull the planets apart.
Bottom Panel: The eccentricity of the inner and outer planet, us-
ing the same color convention as the top panel. The decrease in
eccentricities near the end of the evolution is due to the presence
of tidal forces from the star, modeled by Equation 7.
Examples of a stable system and a scattered and recap-
tured system are given in Figures 6 and 7.
4.2.2. Overall Results Without Eccentricity Damping
We now repeat the simulations with eccentricity damp-
ing completely removed, allowing us to see how the out-
comes look in the limit of maximal eccentricity excita-
tion. They are also presented in Table 2 for easy com-
parison.
There is no significant change in the 2:1 and 5:3 res-
onances. The biggest change comes with the 3:2 reso-
nance, which now rarely survives the migration towards
the star. The majority of the 3:2 cases result in a colli-
sion. Also, ejections are more common for the 3:2 reso-
nance than for the 5:3. The 3:2 also has a few cases where
the planets are scattered and recaptured into another
resonance, the possible resonances comprising a smaller
subset of those mentioned above.
4.2.3. The 5:3 Resonance
The 5:3 resonance is worth discussing in more detail.
For the case where eccentricity damping is present, we
tally the distribution of eccentricities of the remaining
planet after a collision or ejection has occurred. This
are shown in Figure 8. Additionally, Table 3 gives the
various resonances (with relative capture probabilities)
produced by instabilities with the 5:3 resonance.
Collisions leave the remaining merged planet with very
low eccentricities, although there is a larger range in
their semi-major axes compared to our earlier integra-
tions (See Figure 5). Roughly 30% of the planets are left
9Fig. 7.— The dynamical evolution of two planets that go unstable
in a 5:3 resonance and get trapped into a 6:1 resonance. This occurs
with the presence of disk and tidal forces, assuming te/tm = 0.1.
Top Panel: A plot of the semi-major axes of the outer and inner
planet, shown by the red and black lines, respectively. The blue
lines plot the location of the disk’s inner edge, with the outer blue
lines being the width of the edge, and the middle line being the
disk’s inner radius. Middle Panel: A plot of the absolute value of
the difference in longitude of pericenters (black), and the two 6:1
resonance variables defined by Equation 3 (red and magenta lines).
The resonance breaks apart at the very end due to the presence of
tidal forces acting on the inner planet, which pull the planets out
of the resonance. Bottom Panel: The eccentricity of the inner and
outer planet, using the same color convention as the top panel.
closer than 5 AU, the minimum initial semi-major axis
of the inner planet. The rest are found between 5 and 7
AU.
Ejections tend to leave the remaining planet at less
than 3 AU with eccentricities above 0.6, and a large per-
centage of these planets having eccentricities between 0.6
and 0.8. This is similar to the results from §3, where the
eccentricity distribution approximately spanned the in-
terval [0.5, 0.8].
Similar to the procedure used in §3, we also compare
an overall distribution, but this time focusing entirely on
the 5:3 resonance. Table 3 shows that in the case with
eccentricity damping, the ratio of collisions to ejections
is 6:1. Therefore, we randomly select 25 integrations re-
sulting in an ejection, and 150 integrations resulting in a
collision and plot the distribution in Figure 8. It is clear
that the 5:3 resonance alone cannot accurately reproduce
the observed eccentricity distribution in extrasolar plan-
etary systems below eccentricities of 0.5.
5. SUMMARY AND DISCUSSION
In this paper, we have examined the stability of partic-
ular first and second-order resonances with and without
disk interactions. We have shown that the two-planet
stability criterion (computed to third-order) is invalid for
these resonances (see Figures 1, 2, and 4). The 2:1 res-
onance has regions of stability that extend up to mass
ranges comparable to brown dwarfs, while the 3:2 res-
onance has a region of stability with combined planet
masses up to twice the above criterion. The 5:3 reso-
nance has a reduced region of stability compared to an-
alytic criteria.
Fig. 8.— Cumulative distribution of the remaining planet’s ec-
centricity after a collision or ejection occurred due to an instability
in the 5:3 resonance (black dashed and dotted-lines, respectively).
The solid red line shows the distribution of observed extrasolar
planetary systems. The selection method is the same as in Figure
5. The black solid line is a randomly selected distribution includ-
ing both collisions and ejections, which included the results of 25
integrations that resulted in an ejection and 150 integrations that
resulted in a collision. The fraction taken from each was deter-
mined by their relative percentages of occurrence, which are given
in Table 2.
TABLE 2
Relative percentages for the final possible outcomes
given that two 1 MJ planets are caught into a particular
resonance and undergo disk-planet interactions. Cases
with and without constant eccentricity damping are
presented. A run is “Stable” if the planets remain in that
resonance throughout the entire integration, resulting in
one of the planets migrating into the star. Cases where
an “Ejection” or “Collision” occurred are noted
appropriately. If the planets undergo instability and end
up locking in another resonance for the majority of the
integration, it is labeled as a “Scattered and
Recaptured.”
Resonance Final Outcome te/tm = 0.1 te =∞
2:1 Stable 100% 100%
Collision 0% 0%
Ejection 0% 0%
Scattered and Recaptured 0% 0%
3:2 Stable 100% 3%
Collision 0% 68%
Ejection 0% 27%
Scattered and Recaptured 0% 2%
5:3 Stable < 1% 0%
Collision 54% 54%
Ejection 9% 12%
Scattered and Recaptured 36% 34%
Next, we have examined the results of instability. As
shown in Figure 5, combining an equal number of un-
stable outcomes originating in each of the above three
resonances (with appropriate relative fractions of ejec-
tions and collisions) yields an eccentricity distribution
which fits, at least, as well as previous studies of dy-
namical instability in multi-planet systems (in particu-
lar Chatterjee et al. 2007 for the three-planet case, and
Juric & Tremaine 2007 for larger ensembles). This is
10
TABLE 3
Possible resonances that two 1 MJ planets were thrown
into after they locked into a 5:3 resonance and
ultimately went unstable due to eccentricity excitation
and disk-planet interactions. The results are presented
for the case where damping was present. Resonances are
included if coupled migration results after the two
planets fall into these particular resonances such that
the ratio of periods remained fixed for the migration.
Additionally, we monitor that the corresponding
resonance variables, defined by Equation 3, librate with
amplitude less than 2pi or undergo systematic periodic
libration. See Figure 7 for an example. The overall
relative percentages of capture for each resonance is
given.
Order Resonance Relative %
First-Order 2:1 21.3%
3:2 1.7%
Second-Order 3:1 37.1%
5:3 –
Third-Order 4:1 4.9%
5:2 13.5%
Other 5:1 1.1%
6:1 3.1%
7:2 < 1%
7:1 5.1%
8:1 2.3%
9:1 2.8%
10:1 2.8%
11:1 1.7%
12:1 1.4%
14:1 < 1%
17:1 < 1%
an intriguing result which raises the possibility of a link
between these MMRs and exoplanet eccentricities. How-
ever, significant caution is warranted in interpreting it.
Our “outcomes” represent snapshots at the time of in-
stability, with no attempt made to model the subsequent
effect of the disk on the remaining single planet. Also,
the way in which we assemble resonances in §3.1 is rather
artificial, at least in comparison to convergent migration
of §4.
With the addition of migration in §4, plus the eccen-
tricity damping expected from disk interactions, we find
the 2:1 resonance to be the most stable, with 100% of the
runs remaining stable even without eccentricity damping
(see Table 2). Additionally, the 3:2 resonance remains
completely stable with our adopted damping prescrip-
tion. A second-order resonance, the 5:3, has a high cap-
ture efficiency but goes unstable at very low eccentrici-
ties due to close encounters. This means that in order for
planets to become locked into the 3:2 resonance, their pri-
mordial period separation must generally lie between 5:3
and 3:2. In this study, we selected the initial semi-major
axes of the planets to coincide with the location where it
is believed planets form (see, e.g., Kokubo & Ida 2002;
Thommes et al. 2003), rather than allowing the plan-
ets to migrate from further out in the disk. Under this
assumption that planets form between 5 and 10 AU, if
planets were able to form at any location with equal prob-
ability, the probability that a planet forms between the
3:2 and 5:3 resonances of a planet located at 5 AU is
pi
([
(5/3)2/3 − (3/2)2/3] · 5)2
pi · 52 ≃ 0.009. (9)
That is, the probability of forming such a configuration
is about 1%.
To date, we have not discovered any planets in a closer
than 2:1 resonance. The lack of 5:3 planets is readily
accounted for by this study: Since this resonance is un-
stable at low eccentricity, it is unstable to survive all
the way to a mature planetary system. The fact that
3:2 planets are also not seen, notwithstanding the res-
onance’s robustness, may well be telling us something
fundamental about how planets form: It may simply be
that neighboring giant planets are seldom born with pri-
mordial period separations of less than 5:3.
The planets in HD 12661 are believed to be in a 6:1
resonance, and there is much debate as to how they could
have become locked in such a high-order resonance. This
study suggests a mechanism. We have shown that an
instability in one of the lower-order resonances, which
needs little to no initial eccentricity for planets to be-
come trapped in it, can result in the planets scattering
apart, to then be brought together again and re-locked
in a more distant, higher-order resonance (See Table 3).
Further work is necessary to include the adjustment of
the disk edge after the planets have been locked into a
more distant MMR. However, migration of the outward-
scattered planet would likely be somewhat more gentle in
a self-consistent disk—generally we would expect an an-
nulus of gas to initially exist between the two planets—in
which case resonant re-capture would actually tend to be
more likely than in our current simple implementation.
Aside from the physical findings, this study highlights
an important point on orders of accuracy. Since the res-
onance stability tests relied on two planets of unequal
mass, we chose to use up to the third order term in Equa-
tion 2, because this was the first term that was not sym-
metric in the masses (that is, a mappingMi ↔Mo would
not be an identity mapping). Furthermore, as shown by
Table 1, additional terms can change the result up to
twice the first-order value. If we were to truncate Equa-
tion 2 to just the first term, we would have concluded
that the equation gives a better representation of the re-
gion of stability for the resonant case than it actually
does.
This paper represents a first step in our study of reso-
nances in protoplanetary discs. Here we have constructed
systems where resonance encounters were impossible to
avoid: requiring that we assumed the planets were copla-
nar and existed near these resonances without going un-
stable. A natural question this paper does not address is
whether the dynamics that might occur due to relative
inclinations affects the overall stability of the resonant
systems. It has been shown (Thommes & Lissauer 2003)
that it is possible for planets starting in a 2:1 resonance
to later enter an inclination resonance, which gener-
ates large mutual inclinations even in an initially almost
coplanar system. It is not clear a priori whether this
would promote dynamical instability or protect against
it. Additionally, we have modeled the eccentricity damp-
ing time scale as a constant proportional to the migra-
tion time scale. Recent studies (Ogilvie & Lubow 2003;
Moorhead & Adams 2007) have shown that damping
may not be uniform and depends on the local properties
of the disk as well as the overall geometry of the planets.
In particular, de/dt may even change sign depending on
the value of the eccentricity. Therefore, it is important to
better understand the nature of eccentricity growth and
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damping in order to understand the long-term stability
of these resonances in the protoplanetary disk.
Our improved distribution shown in Figure 5 was de-
rived by using an equal number of cases from each of
the three resonances studied. However, Table 2 suggests
that we should find more planets in the 2:1 resonance
compared to the 3:2 resonance during the disk’s lifetime
when we assume that all the planets migrated from a re-
gion farther out than the 2:1 resonance. In the case of
gravitational instability, it may be assumed that plan-
ets could form in a more equally distributed manner be-
fore undergoing migration and locking into these reso-
nances. Complete three dimensional integrations would
allow us to gain an accurate representation of the dis-
tribution of resonance captures due to migration alone.
Further stability tests will involve allowing one planets
to migrate from greater distances, where near-resonance
interactions cannot affect the overall stability of the sys-
tem until the planets (given they remain stable) can mi-
grate close enough together to encounter a particular res-
onance.
Additionally, gap-forming planets on the edge of a disk
in general ought to still be accreting some mass across
their gap, and therefore mass growth will be taken into
consideration. In this case, planets could lock into reso-
nance under conditions we have shown to be stable, and
through mass accretion enter a regime that analytic and
numerical criteria determine to be unstable. A compari-
son of whether this region of stability is similar to what
we have found here for constant-mass planets would give
us further important insights into the possible range of
planetary system configurations.
We have gained a clearer picture of the range of possi-
ble dynamics within a protoplanetary disk. In doing so,
we have seen how resonances can strongly affect plane-
tary systems, long before the surrounding disk material
has dissipated. This suggests that what happens before
the disk disappears is key in determining a planetary
system’s ultimate dynamical architecture. One possible
outcome is a system which, after the disk is gone, is left
with planets in resonance. In order for this to happen,
the planets must enter these resonances relatively late in
the disk’s lifetime, so that they ultimately survive the
coupled migration. After the disk has dissipated, some
resonances may eventually become unstable. Another
possibility we have demonstrated is that resonances can
be broken by dynamical instability that occurs while the
disk is still present. Our results allow us to make a con-
nection between the planet formation process and obser-
vations of mature, resonant planetary systems, none of
which have yet been observed in a closer than 2:1 reso-
nance: For planets that form further apart than a period
ratio of 2:1 and migrate convergently, the very stable 2:1
constitutes a formidable barrier. Between 2:1 and 5:3,
the initial outcome is likely to be capture into 5:3, fol-
lowed by a one-way trip to instability. The 3:2 resonance
is quite stable (unless eccentricity damping by the disk is
absent), so provided that an appreciable number of plan-
ets form with a primordial period separation of less than
the 5:3, we would expect to find some planets in a 3:2 res-
onance. Thus, if future observations continue to reveal
no such systems, then this may suggest a lower limit to
orbital separations with which neighboring planets first
form.
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